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Abstract 
This is a contribution to the long standing search by climatologists and meteorologists for the parameterization of 
cloud cover. The described developments have led to an analytical expression for the probability density function of 
cloud cover that can easily be parameterized. A step-by-step procedure for the parameterization based on a sample of 
cloud cover readings taken in the real world is shown. Results are validated by comparing them with theoretical 
results. 
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1. Introduction 
The parameterization of the probability distribution of cloud cover is a long standing open problem. 
Over the years a considerable selection of mathematical functions as well as methods for storage and 
presentation of this distribution has been proposed and used. (See Burger (1985) [1], Henderson Sellers 
and McGuffie (1991) [2], and Tompkins (2002)[3].) However, most of the many available expressions do 
not properly reproduce the discontinuities caused by the often accentuated occurrence of a cloud free and 
a fully cloud covered sky. The combination of recent independent developments by Morf (2011) [4] and 
Alexandrov et al. (2010) [5] have led to an analytical expression for the probability density function - pdf 
of cloud cover that overcomes this flaw by representing these two discontinuities by Dirac pulses. It can 
easily be parameterized based on mean and variance of a sample of cloud cover readings taken in the real 
world. 
This paper gives an introduction to these recent findings. Both, Morf (2011) [4] and Alexandrov et al. 
(2010) [5], have successfully verified their results against real data. Therefore, this is not a subject of this 
paper. However, the compatibility of the two approaches is verified. Finally, a step-by-step procedure for 
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the parameterization of the analytical expression for the pdf of cloud cover based on a sample of cloud 
cover readings taken in the real world is given. 
2.  A Markov process for the generation of cloud cover 
Morf (2011) [4] presents this homogeneous recurrent Markov process with two states operating on an 
infinitesimal area step dA as the governing stochastic driver of cloud cover:  
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For convenience a value of 0 was assigned to the cloud free and a value of 1 to the cloud covered state of 
the sky. For example, P01 is the probability that in an area step dA a transition from the cloud free to the 
cloud covered state will occur. A is the sky area, 0A  is the mean size of a cloud free area and 1A  is the 
mean size of a cloud covered area. 
Cloud cover – cc is then given by 
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Aobs is the observed sky area, typically the area within the radius of about 30 km around the observer. 
A1obs is the cloud covered part of the observed sky area. 
The reader may refer to Fig. 1 for an orientation on the probability distributions of cloud cover 
generated by the model. 
3. An analytical expression for mean and variance of cloud cover 
Morf (2011) [4] derives an analytical expression for mean – μ and variance – σ2 of cloud cover – cc: 
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W0 and W1 are the steady state probabilities for state 0 and 1 of the Markov process given by Eq. (1). 
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Values for mean and variance of cloud cover can be estimated from a sample of cloud cover readings 
taken in the real world. The parameters 0A  and 1A  of the Markov process given by Eq. (1) can then be 
calculated by use of Eqs. (3) and (4). Eq. (4) is transcendental in obs10 A)AA(  . This implies that it is 
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not possible to arrive at an analytical expression for 0A  and 1A  merely with algebraic operations. 
However, calculation methods to arrive at numerical results are readily available.  
4. An analytical expression for the probability density function of cloud cover 
Morf (2011) [4] and also Alexandrov et al. (2010) [5] show that the pdf of cloud cover – f(cc) is 
singular and composed of three parts: 
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The first right-hand term of Eq. (5) is a Dirac pulse - G(cc) with weight 
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P(cc=0) is the steady state probability of the cloud free sky. 
The third right-hand term of Eq. (5) is a shifted Dirac pulse – G(1-cc) with weight 
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P(cc=1) is the steady state probability of the fully cloud covered sky. 
The center right-hand term of Eq. (5) represents the pdf for the broken cloud field. Alexandrov et al. 
(2010) [5] arrived at the analytical expression 
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I0 and I1 are Modified Bessel Functions of the First Kind of order 0 and 1. 
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5. Parameterization of the pdf of cloud cover 
The combination of the foregoing two analytical expressions leads to an expedient procedure for the 
parameterization of the pdf of cloud cover: 
 
1. Take a sample of cloud cover readings in the real world. 
2. Estimate mean and variance of the sample. 
3. Calculate 0A  and 1A  from mean and variance using Eqs. (3) and (4). 
4. Apply 0A  and 1A  to the analytical expression for the pdf of cloud cover given by Eqs. (8) and (9). 
6. Model Verification 
Morf (20111) [4] and Alexandrov et al. (2010) [5] followed different ways to arrive at their results. 
Inspection of the mathematically demanding derivations revealed no errors. However, it is not 
immediately evident that the model of Alexandrov et al. (2010) [5] can also be traced back to the Markov 
process given by Eq. (1). Therefore, starting from the parameters 0A  and 1A , we constructed probability 
distributions of cloud cover using Eq. (5) and compared their mean and variance with the value to be 
expected according to Eqs. (3) and (4). Fig. 1 shows probability distribution functions of the analyzed 
data sets. Using a resolution of 0.01 for cc, we always recorded a relative error of less than 0.003 for both, 
mean and variance. Thus, we conclude that the two formulations are most likely equivalent. 
7. Concluding remarks 
A method for the parameterization of cloud cover is shown that can easily be applied and delivers an 
analytical expression for the pdf of cloud cover. The governing Markov process presented for cloud cover 
with Eq. (1) is also applicable to other stochastic processes related to the effects of clouds: 
 
x Morf (1998) [6] shows its application to the alternating sequence of periods when the sun is shining or 
hidden behind clouds. The model expands over time; its parameters are the mean duration of a sunny 
period and of a period when the sun is hidden behind clouds. 
x Morf (2011) [4] suggests its use on vertical visibility - vv. Vertical visibility describes the state of the 
sky (covered or clear) of a single point in the sky. The model expands over time; its parameters are the 
mean duration of a covered and a clear period. 
x Alexandrov et al. (2010) [5] show its application on cloud and gap chords from large-eddy simulations 
of shallow, maritime convection. The model expands one-dimensionally over the simulated cloud 
fields; its parameters are the mean length of the gaps and the clouds in the chords. 
 
In fact, the Markov model was first introduced in a form that expands over time (Morf, 1998 [6]) that 
is easier to comprehend than its application to cloud cover (Morf, 2011 [4]) that expands over an area 
with a one-dimensional construct. 
 Heinrich Morf /  Energy Procedia  57 ( 2014 )  1293 – 1298 1297
 
Fig. 1 Simulated probability distribution functions of cloud cover. The probability distribution functions were constructed by 
summing probability values calculated with the aid of the analytical expression given by Eq. (5) with a step of 0.01 in cc. Input 
parameters are obs0 A/A  and obsA/1A , the relative mean area of a cloud free and a cloud covered area. The indicated values for 
the variance of cloud cover are theoretical values calculated with Eq. (4). The probability distribution functions for x-coordinate 
vales >0.5 are the point symmetric image of those of the complementary value of x. 
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